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Abstract 

By applying Noether method to J\f — \ local supersymmetry in eleven dimensions, 
we obtained two candidates of i?^ corrections to the supergravity. The bosonic parts of 
these two completely match with the results obtained by type IIA string perturbative 
calculations. We also obtained 13 parameters which relate only fermionic terms. 
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1 Introduction 



M-theory is a theory of membrane with A/" = 1 supersymmetry in eleven dimensions, and 
the low energy effective action is described byA/'=l,-D = ll supergravity. Since M-theory 
is thought to be a strong coupling limit of type IIA superstring theory, many efforts have 
been made to formulate it as a theory of membrane. Although we do not yet know the 
perturbative formulation of M-theory, we expect that this theory contains higher derivative 
corrections to the M = 1, D = 11 supergravity. 

In fact these higher derivative corrections are expected from the perturbative analyses of 
type IIA superstring theory. According to these analyses a part of corrections to type IIA 
supergravity is given by 

£(„/)3 ~ e~^'^/tree + cIl_loop, (1) 

-^tree = tstseR^ + ^^eioeioC-R^, 

-^1-ioop = tstgeR^ — ^eioeioei?^ — ^eiQtsBR^, 

where c is some constant. The tree level effective action is obtained by the four graviton 
amplitude and the sigma- model computation [3 |21 IB]- The first two terms of the one- loop 
effective action is found by the four graviton amplitude^. The last term in the one-loop 
effective action is introduced to ensure the string-string duality between type IIA on K3 and 
heterotic string on El • Under this duality, the last term is related to the Green-Schwarz 
anomaly cancellation term in the heterotic string effective action [3- 

Thus we obtain a part of the higher derivative corrections to M = 1, D = 11 supergravity 
by lifting the result to eleven dimensions. Then there are two candidates which will be 
invariant under the local supersymmetry^ |Hj (See eq. (jlBf) and eq. (|2U() ') 

tstseR"^ + ^eiieiieR\ tatseR"^ - ^entgAR^ (2) 

Actually fermionic counter terms for the latter is obtained by employing Noether method in 
refs. [9]-|12j. But we do not yet know the fermionic part of the former super invariant. In 
this paper we extend the efforts in refs. [n]-jl3j and show that the above two terms are really 
obtained by the local supersymmetry. Since our ansatz for the action includes more than one 
hundred terms, we employed a computer program to check the cancellation of variations. 

The contents of our paper is as follows. In section 2 we briefly review the cancellation 
mechanism of A/" = 1, D = 11 supergravity and fix our conventions and notations. In section 
3 the ansatz for the higher derivative corrections is explained. Especially we focus on the 
ansatz for bosonic terms, since this part is different from that in ref. The cancellation 

mechanism for the variations is also sketched. In section 4 we show the results obtained by 
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employing the computer programming. We find only two solutions which relate bosonic terms 
and fermionic terms. It is expected but still surprising that the bosonic parts completely 
match with the above statement. Section 5 is devoted to conclusions and discussions. 



2 Brief Review of J\f = 1, D = 11 Supergravity 

M-theory possesses M = 1 supersymmetry in 11 dimensions and its low energy effective 
action is described hy J\f = 1, D = 11 supergravity. In this section we briefly review the 
local supersymmetry transformations of this supergravity theory while fixing our conventions 
and notations. 

Af = 1, d = 11 supergravity consists of three massless fields: the vielbein e^j, a three 
form potential A^^i^p and a Majorana gravitino ip^^^^. Here Greek indices are coordinates 
for space-time and Latin indices are those for local Lorentz. Both of them run from to 10. 
In this paper we consider the Lagrangian up to the order of 0{ijj^), since we focus on the 
cancellation of the variations of bosonic terms. Then the Lagrangian of the supergravity is 
given by 

£. = + C[eR] +C[ei^^p^2)]+^[eF^] + ^[eFi;ij]+C[AF^] + 0{'il^^), (3) 
C[eR] = +eR, 



C[AF ] — 6-3!(4!)^ ^11 ^ ^Ati/i2M3^j"4---/i7-^At8---/iii ' 

where F^^^p^j = Ad\^^Ayp„T^ and iljp_y = 2L'[^'i/'!/] = F>p_Tpi, — D^ipp. The covariant derivative on 
the Majorana gravitino is defined as Dp = dp + jujp'^^jab- And the notation [• • • ] is used to 
abbreviate the gamma matrices and indices in the bracket. '(/'(2) is the abbreviation of ipp^. 

Now we introduce a space-time dependent parameter e which transforms as a Majorana 
spinor. By using this parameter the supersymmetry transformations of the massless fields 
are expressed as 

5Vm = '^Dpe + ^F^p^^ir^-r^ - 85°7^^")e + (4) 
SAp^p = -3e7[^^,'0p]- 

Again terms of the order of 0{ijj'^) are neglected, since we are considering the cancellation of 
the variations which are linear to ip. In order to check the supersymmetry for the supergrav- 
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ity, we employ the 1.5 order formalism. So the variations of the spin connection are trivially 
cancelled after we write it in terms of the vielbein and the gravitino, i.e., ijj^°'^{e., ijj). However, 
when higher derivative corrections are added to the supergravity, the variations of the spin 
connection do not cancel automatically. And we need the supersymmetry transformation for 
supercovariant spin connection of the form 

(Jo;/" = -ie-7^V"' + i^tW - i^tW- (5) 

The symbol u^"'^ represents the supercovariant spin connection, whose supersymmetry vari- 
ation does not include derivatives of e. The Riemann tensors in the higher derivative terms 
are defined by using this supercovariant spin connection. 

The cancellation mechanism of the supersymmetry variations, which are linear to ip, for 
J\f = I, D = 11 supergravity can be sketched as follows. 

5/:[eR] ~ [eRe^p], 
(5£[e?/i'0(2)] ~ [eReip]®[eFeD'il;], 

SC[eF^] ~ [eDFe^p]®[eF^e^], (6) 

5£[eFV^V] ~ [eFeDi;]®[eDFei;]e[eF'^e'4'], 
5C[AF^] ~ [eF^eV']. 

We start from the Einstein-Hilbert term, £[ei?]. First the variation of this term, [eReil^], is 
cancelled by the variation of J0,[e'ijj'tp^2)]- Next to cancel the remaining variation [eFeDip], we 
need the term C[eF'i/;'i/j] which is linear to the three form potential A. In a systematic way, 
we need to add C[eF^] oc A"^ and >C[^F^] oc A^ to cancel the variations [eDFetp] and [eF'^etp]. 
This is called Noether method and the coefficients of the action can be fixed completely. 

The same strategy would also be applied to determine the contributions of higher deriva- 
tive corrections to the supergravity. That is, we consider the supersymmetry transformations 
of [eR^] terms as 

dC[eR^] - [eR'^eiP] © ■ ■ ■ , (7) 

and fix the coefficients so as to cancel each term. In the next section we will see this process 
in detail. 

3 Ansatz for Higher Derivative Terms and Variations under 
Supersymmetry 

Prom the calculations of string amplitudes in type IIA superstring theory, we know that 
corrections to type IIA supergravity arise from quartic order of the Riemann tensor. Since 
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these terms are trivially lifted to 11 dimensions, it is natural to assume that corrections to 
11 dimensional supergravity also start from quartic order of the Riemann tensor. Then the 
ansatz for bosonic terms are written as 

Cb = C[eR'^]+C[eiiAR% (8) 

C[eR^] = +b\eRabcdRabcdRefghRefgh + b\eRahcdRagfhRhecdRefgh 
+ b\eRahcdRahdhRefcgRefgh + b\eRahcdRaedgRhcfhRefgh 
+ b\eRabcdRagdhRbcefRefgh + b\eRabcdRahdfRbecgRefgh 
+ b^eRabcfRadghRbdceRefgh + b\eRabchRadefRbdcgRefgh 
+ bleRabchRaedgRbdcfRefgh + bloCRabchRaedfRbcdgRefgh 
+ b\ieRabchRabdgRcedfRefgh + b\2eRadghRafbcRdebcRefgh 
+ b\^eRabchRagdeRbdcf Refgh, 

ft, A n^] /l P P R fi" 

^[tll^Xt J e'^l^ll ■'^IJ-llJ.2lJ-3-'^ablJ,4IJ.5-'^ablJ,6IJ-7-'^cdlJ,8IJ-9^cdlJ,10IJ.ll 

~ 6^2^11 ^ ^/il/i2/i3-^a&M4/i6-^6c/H6M7-^C(i/i8M9-^'ia/il0Mll ■ 

There are important remarks on this ansatz. First, as mentioned in the previous section, the 
Riemann tensor in i2[ei?^] is defined in terms of the supercovariant spin connection Cj{e,ip) 
as 

The Riemann tensor includes bilinear terms of the gravitino through the torsion part of the 
supercovariant spin connection, and the symmetry Rabcd = Rcdab and the cyclicity Ra[bcd\ = 
do not hold. Thus the above thirteen terms contribute differently under the supersymmetry 
variation. Next if we neglect the torsion part, because of the symmetry and the cyclicity of 
the Riemann tensor, thirteen terms of C[eR'^] are redundant and classified by seven purely 
bosonic terms as 

£.[eR ]pure 



+ sRabcdRabcdRefghRefgh 


X 


ip\) 


Ai 


+ eRabcdRabceRdfghRefgh 


X 


{-\bl + bl) 


A2 


+ sRabcdRabef RcdghRefgh 


X 


{-\b\-\b\ + \bl) 


^3 


+ GRabcdRaecgRbfdhRefgh 


X 


i-bl) 


^6 


+ (^RabceRabdgRcfdhRefgh 


X 


(fei + fci + ifei) 


^5 


-\- G-RabceRabdf RcdghRefgh 


X 


{{bio ^b\, b\,) 


Aa 


+ &RabceRadcgRbfdhRefgh 


X 


{-bl-b\,). 





(10) 



4 



The notations Ai, - ■ ■ ,Aj on the right hand side are used in ref . [HI • Finally we do not 
include terms which are proportional to the equations of motion for the supergravity. These 
terms are removed by using the field redefinition ambiguities. 

In order to cancel variations of these bosonic terms under the supersymmetric transfor- 
mation, we consider following fermionic terms. 

Cf = CieR'iPiP^^)] + C[eR%^^Di,(^2)], (H) 

92 

/:[eii3^^(2)] = ^/^[ei?3^V'(2)]n, 

n=l 

25 

C[eR^(^2)DiP(^2)] = j;/n[e^'V5(2)^V'(2)]n. 

n=l 

This ansatz is obtained by combining those in ref. jlOj and ref. jl2j. The explicit expressions 
of these terms will be given in ref. jl5j . 

Now let us consider the variation of the Lagrangian under the local supersymmetry. For 
bosonic terms we use the variation of the Riemann tensor of the form 

SRabcd = e^ce'^d^Rabfiiy - Rabdn^e^c + Rabcu^e" d 

= DcdLOdab - Dd^LOcab + Rabde^J^Tpc " Rabce^l'^'^d + C*!^^)- (12) 

The covariant derivative acts on all local Lorentz indices. Since we focus on the cancellation 
of terms which linearly depend on the gravitino, we only consider the bosonic part of the 
super covariant spin connection and the Riemann tensor on the right hand side. Let us vary 
h\ term of /3[ei?'^] as an example. 

5{h\eRabcdRabcdRefghRefgh) ~ -^b\eRabcdRabcdRef ghRef ghH^ z 

- 8b\eRiefgRzefgRabcdRabcdeY'>Pz (13) 

- SlbleRijkaRebcdDeRabcde^^lp''^ ■ 

To obtain this expression we used partial integral and Bianchi identity D[eRab]cd — 0- We 
also dropped the terms which are proportional to the equations of motion, since these terms 
can be cancelled by modifying the supersymmetry transformations. Variations of fermionic 
parts are obtained in a similar way. Because there are more than one hundred terms, we 
used a computer programming to calculate the variations. 

Since we are interested in the cancellation of the terms which do not include the three 
form potential, for the terms in /^[eAi?^] we should take the variation for the three form 
potential. Then the variation of the Lagrangian C = Cb + under the supersymmetry 
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transformation is sketched as 



SCleR"^] ~ [eR'^eilj]®[eR^DReilj^2)i 

5C[eiiAR^] ~ [eR^ei)], 

5C[eR^i)^(^^)\ ~ [eR^eip\®[eR^DReip(^2)\®[eRhD^(^2)l (14) 
5C[eR^{l>(^2)DiJ(2)\ ~ [ei?2Z)i?eV'(2)]e[ei?=^eL>V'(2)], 
- [eR^eip]® [eii^eL»'0(2)]. 

There are 116 terms for [eR'^eijj], 88 terms for [eR?'DReil){2)\ and 60 terms for [eR?eDil)(2)\. 
Note, however, that the first terms [e-R^eV'] and the third terms [ei?^e-D'i/'(2)] the variations 
are not independent because of the identity: 

D[ei^cd] = \l''^i^[eRcd]ab- (15) 

In fact, by using the computer program we find that there are 20 identities between the first 
terms and the third terms. 

20 

= ^ in([^^eV']n + [i2^el?V(2)]n)- (16) 

i=n 

The last line of eq. 1)14^ represents these identities. 

Now under the local supersymmetry transformation, we obtain 264 independent terms. 
And the coefficients of 264 terms are finally given by linear combinations of 6^, 6^, 
and in- Therefore by requiring the supersymmetry, we obtain 264 linear equations among 
152 variables of b\, b^, fn^ fn and i„. 

4 Results 

We solved the linear equations among b^, 6^, and i„ by using computer programming 

and found only two parameters which relate bosonic terms and fermionic terms^. Here we 
only show results for the coefficients 5^ and 6^. 
The first solution is given by 

(blbi bi bl b}, bl blbl) = a(l, 32, -32, -16, -16, -32, -1,1). (17) 

This relates terms in jC[e-R'^] and i2[eii74i?'^]. The purely bosonic coefficients are obtained by 
^We used mathematica for our programming, which employed the package by U. Gran[T^. 
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using the ea. (|Tm) . 

£purc _ _|_ eRabcdRabcdRefghRefgh — ^QeRabcdRabceRdfgh.Refgh 

+ "^eRabcdRabefRcdghRefgh + ^^sRabcdRaecgRbfdhRefgh 

— S2eRabceRabdgRcfdhRefgh + ^'^e.RabceRadcgRbfdhRefgh 
I ]_ Ml ■ Mil 4 D p D E> 

T~ 24 11 ^^J,l^^2|J.3^ab^4,^l5^ab^^e,^l^^cd^s^J.<i^cd^u)^ll^ 
~ 6^11 ^ ^tiiH2tJ.iR<ibfj,4fi5Rbcfi6iirRcdfisli<)Rdafj.iotiii) 

= ^a{tsheR'' - ^eutsAR^) . (18) 

This precisely matches with the first term in eq. ((21) • The explicit expression for the fermionic 
part is given in ref . ^21 ■ We also checked the fermionic part of our calculation coincide with 
their result. 

The second solution is expressed as 

{b],bl,bl„bl„bl,) = b{l,-l,l,l,l). (19) 

Again the purely bosonic coefficients are obtained by using the ea. H10|) . 

^pure = 5( _ ^eRabceRabdf RcdghRefgh + eRabceRadcgRbfdhRefgh) 

= 24^K*8i8ei?^ + ^eiieiiei?^) . (20) 

This completely matches with the second term in eq. 0. Therefore we could derive the 
bosonic terms of two super invariant completely by employing J\f = 1 supersymmetry in 
eleven dimensions. 

We also found 13 parameters which only relate the coefficients of fermionic terms 
These parameters will be fixed by considering the cancellation of variations which depend 
on the three form potential. 

5 Conclusions and Discussions 

By applying Noether method to = 1 local supersymmetry in eleven dimensions, we 
obtained two candidates of higher derivative corrections to M = 1, D = 11 supergravity. 
The bosonic parts of these two completely match with the results obtained by type IIA 
string perturbative calculations. Thus we can fix the bosonic parts of superinvariants only 
by employing the local supersymmetry. 

On the other hand, we still have 13 parameters which only relate the coefficients of the 
fermionic terms. By choosing these parameters appropriately we can realize the result ob- 
tained in ref. |12j . In order to restrict these parameters we should proceed to the cancellation 
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of the variations which include the three form potential. This is our future work. It is inter- 
esting to relate our results to the superfield method Applications to black hole 
physics and cosmology are also important directions PUI OT] . 



[Note added] 

In refs. Roo et al. constructed two superinvariants in ten dimensions which are 

related to the Green Schwarz anomaly cancellation terms. One of them includes terms like 
[HR^DR], where H represents the field strength of the NS-NS B field. On the other hand, 
we could construct one superinvariant in eleven dimensions which is related to the Green 
Schwarz anomaly cancellation terms. This difference occurs because we do not include 
terms like [FR^DR] in our ansatz. In fact these terms should not exist since we cannot find 
fermionic counter terms to cancel the variations. Furthermore these terms violate the parity 
invariance of M-theory^. 
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